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This set of exercises gives two proofs of the Borcea-Briandén characterization: an alternate proof which
does not use polarization, and the proof given in the slides except in the “usual” (non-homogeneous) poly-
nomial spaces. Both proofs give an explication of the conceptual link between a bilinear form and the
corresponding symbol of an operator. Further, the proofs are specially written to handle the case of stable
polynomials. In particular, the bilinear forms we use below are not quite the bilinear form which shows up
in Grace’s theorem. However, exercise (1) gives a statement which implies Grace’s theorem as a corollary,
by considering a “twist” of the bilinear form presented in exercise (2). (See also exercise (7).)

------

which are homogeneous of degree \; in the variables x;,y; for all ¢ € [n]. The zeros of polynomials in
this space are considered to be in (CP')". Further, let C*[z] := CP1A)[zy,... x,] denote the set of
polynomials of degree at most \; in the variable x; for all ¢ € [n]. The zeros of polynomials in this space are
considered to be in C”. Note that these two spaces are isomorphic via per-variable homogenization.

Definition. We denote the complex upper half-plane by H, := {z € C : Im(z) > 0}. We also let H
denote the corresponding subset of CP', given by H, := {(z : y) € CP* : Im(%) > 0}. We denote the

complex lower half-plane by #_, and define this as a subset of both C and CP' in the analogous way.
(We define Im(oco) := 0, as we consider co to be on the extended real line.)

Definition. Given a polynomial p € C‘é [ : y], the roots of p are defined to be the points (r : s) € CP!
for which p(r : s) = 0. The polynomial p is said to be stable if p(x : y) # 0 whenever (z : y) € H,. For
p € Cx : y], we say that p is stable if p((z1 : ¥1),..., (zn : yn)) # 0 whenever (z; : y;) € Hy for all i.
Note that this corresponds to the notion of stable polynomials for p € C¢[z] and p € C*[z].

Definition. Given p € C%[z], the polarization of p is the unique
P =Pol’(p) € C" " V]ay, ... 24 = C'[z]
such that
1. Symmetry: P(z1,...,2q) = P(T5(1),...,%s(q)) for all o € Sy.
2. Diagonalization: p(z) = P(z,x,...,).

For p € Cf[z : y], the definition is similar for P = Pol(p) € CHV[(z; : y1),...,(xa : ya)]. Civen
p € C*x], the polarization of p is defined via

Pol* (p) = (Poli‘i 0---0 Poli‘:i) D,

where Poli‘j indicates applying the polarization operator defined above to the variable x; This definition then
extends to p € Ch [z : y] in the natural way.



Example. Let A = (2,2) and define p(x, z) := 4222 + 422 + 4. Then the polarization is:

P(x1,22,21,22) = 2210221 + 2210227
+ 121 + 2122 + X221 + T222
+ 4.

For the equivalent homogeneous polynomial p(x, z) := 422w + 4xyzw + 4y*w?, the polarization is similar:

P((z1:y1), (22 1 y2), (21 1 w1), (22 : w2)) = 2212221 W2 + 221 T220w1
+ T1Y221W2 + X1Y222W1 + T2Y121W2 + ToY1ZoW1

+ dy1y2wiws.

Exercises

A proof of the Borcea-Brandén characterization without polarization

1. Given p € (Cgld’d) [t:s,z: w], prove that (0;0,, + 0s0,)p is stable (or identically 0) if p is stable. Here is
one possible outline of the proof.

(a) Given a stable polynomial p € C4[t : s], define a map
E,:H, — CP' given by (t:s) > (sp(t:s):ip(t:s)).

Prove that either F}, maps the upper half-plane H into itself, or there exists a,b € R, not both
0, such that (ad; + bds)p = 0. (Hint: There is a way to frame this as an equivalent form of
Laguerre’s theorem for stable polynomials.)

(d,d)
nool

(b) Given a stable polynomial p € C t:s,z:w|, define a map

Gp:H2 — CP' given by (t:s,2:w)— (0100 + 050,)p(t : 8,2 : w) : 00.p(t : 5,2 : w)).

Prove that either G, maps ’Hf_ into H, or there exists a,b € R, not both 0, such that either
(ad; + b95)0.p = 0 or (ad, + bdy,)Op = 0.
(c) Handle the details to complete the proof. (Hint: If 9;0,.p = 0, perhaps 050,,p % 07)

2. Define a bilinear form )

B(p,q) :== ﬁ(ataw +950.) [p(t = 5) - q(z : w)]
for p,q € C[z : y]. Let £ denote the space of linear endomorphisms of the vector space Cé[z : y].
Consider the linear isomorphism:

L2Clr:y]@Clz:y]* 2 Clr:y @Cllz:y] = (Cgld’d)[m Ly, 2w,

where the first isomorphism is the canonical one, the second isomorphism is given on simple tensors
by p® B(q,-) — p® ¢, and the third isomorphism is given by 27y?~7 @ zky?=F s 2Iyd=J 2Fwd=*. Let
this chain of isomorphisms be denoted by ¢ : £ — Cgld’d) [ :y,z:w]. (Here, ®[T] is the symbol of
the operator T, and is usually denoted Symb[T].)

Prove the formula

4 /d
OT)(z:y,2:w) = (€> 2 T 2y = T [(zw +y2)Y]
=0
where in the last expression, T" only acts on the z : y variables. One option is to try to prove this

by directly computing ®[T], which is not too hard. Another option is to prove it on a basis of L as
follows:



(a) Prove that the linear operator T := ®~!(2/y9=7 2zFw?=F) is given by

d _ oyl (=d—k
T £, d—0| _ )
K€>x‘y ] {0 (#d—k

(b) Show how this implies the above expression for ®[T] in full generality.

3. Using the notation of the previous exercise, prove that for any fixed T' € £ and any fixed (x : y) € CP!,
we have that

Tlpl(z : y) = B(Q[T|(x : y, 2 - w), p(z : w)),

where the bilinear form B acts on the polynomials in terms of the variables (z : w).

4. (The Borcea-Brindén characterization for univariate stable polynomials) Use exercises (1),
(2), and (3) to prove the following: If T is a linear endomorphism on C{ [z : y] such that T' [(zw + yz)?]
is a stable polynomial, then T'[p] is either stable or identically 0 whenever p is stable.

Show that this implies the equivalent statement for C%[z]: If T'is a linear endomorphism on C%[x] such
that 7' [(z + 2)?] is a stable polynomial, then T'[p] is either stable or identically 0 whenever p is stable.

5. (The Borcea-Brindén characterization for real-rooted polynomials) Using the previous ex-
ercise, prove the following: If 7T is a linear endomorphism on R?[z] such that either T [(z + z)?] or
T [(zz+1)?] is a stable polynomial, then T[p] is either real-rooted or identically 0 whenever p is
real-rooted.

6. (The Borcea-Brindén characterization for multivariate stable and real stable polynomials)
Define a bilinear form

n

1 .
NE AR 1100w, +05,0:) [p(t : 5) - q(2 : w)]
) =1

B(p,q) :=

for p,qg € CMx : y]. Show that by defining ® in the same way as above, we have for any linear
endomorphism 7 on C[z : y] that

n

[ (@iw: + yizi)/\i] ;

i=1

OT|(x:y,z:w)= Z <2> A THwh . T [az"y)‘*”] =T
0<p<A

where (2) =1L (21) and «* = [[, «!, and in the last expression T only acts on the @ : y variables.
Further show that we have the formula

Tpl(x:y) = B(‘I)[T](:c cy,zw),p(z: 'w))7

where the bilinear form B acts on the polynomials in terms of the variables (z : w). State and prove
the results in this case which are analogous to that of exercises (4) and (5).

Aside: When T is a linear endomorphism on C*[z], then ®[7"] should be replaced by T [[T\"; (z; + 2;)™]
and/or T [[]", (z;z; + 1)] in the real stable case.

A proof of the Borcea-Brindén characterization with “usual” (non-homogeneous)
polynomials

7. Define a bilinear form

B(p,q) :
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10.

11.

for p,q € Ct[z]. Let £ denote the space of linear endomorphisms of the vector space C1[z]. Consider
the linear isomorphism:

£ 2= CYz] ® Clla]* = Clz] ® Clla] = CLrlleD g, 2],

where the first isomorphism is the canonical one, the second isomorphism is given on simple tensors
by p ® B(q,-) + p ® ¢, and the third isomorphism is given by 2/ ® 2% + 272*. Let this chain of
isomorphisms be denoted by ® : £ — C*V[x, z]. (Here, ®[T] is the symbol of the operator T, and

is usually denoted Symb[T7].)

Prove that for any T', we have

n

H(mi + Zl)

i=1

OT)(x,2)= Y =2'"* Tt =T

0<p<1

9

where x# = [], z" and in the last expression T only acts on the x variables. (Hint: See exercise 2.)

Using the notation of the previous exercise, prove that for any fixed T' € £ and any fixed « € C", we
have that

Tlp)(z) = B(®[T|(x, z), p(2)),

where the bilinear form B acts on the polynomials in terms of the variables z.

. (The Borcea-Brandén characterization for multiaffine stable polynomials) Use exercises (8)

n

and (9) to prove the following: If 7' is a linear endomorphism on C*[x] such that T [[]"_, (z; + 2;)] is
a stable polynomial, then T'[p] is either stable or identically 0 whenever p is stable.

(The Borcea-Briandén characterization for multivariate stable polynomials) Recall that one
corollary of the Walsh coincidence theorem is that Pol? (p) is stable if and only if p is stable for p € C%[z].
Use this fact and the previous exercise to prove the following: If 7' is a linear endomorphism on C*[z]
such that T [[T', (z; + 2] is a stable polynomial, then T'[p] is either stable or identically 0 whenever
p is stable.

(The Borcea-Briandén characterization for multivariate real stable polynomials) Using the
previous exercise, prove the following: If T' is a linear endomorphism on R*[x] such that either
T[T, (@ 4+ 2)] or T [[T7, (w2 + 1)*] is a stable polynomial, then T'[p] is either real stable or
identically 0 whenever p is real stable.

Other exercises

12.

13.
14.

15.

(Multivariate Grace’s theorem) Prove the multivariate Grace’s theorem: Given p,q € (Cﬁ[w 1y,
if there is a circular region C' C CP' for which p is C"-stable and ¢ is (CP" \ C')"-stable, then

n

H(abawl - 8s7zazz’))\i [p(t : S) : q(z : w)] 7£ O

i=1
(Hint: What invariance properties does this bilinear form have?)
Prove that the linear operator 1 — 9,,9,, acting on R*[x] preserves real stability for any .

Prove that the linear projection MAP : R*[x] — R[x], which acts as the identity on multiaffine terms
and annihilates all other terms, preserves real stability for any .

Prove that a polynomial p € C*[x] is stable if and only if the real part pr of p and the imaginary part
pr of p are both real stable and p; < pg.



16.

17.

18.

19.

20.

A polynomial in C*[z] is strictly stable if it is C™-stable where C' = H is the closure of the upper
half-plane. Prove that the set of stable polynomials in C*[z] is the closure of the (open) set of all
strictly stable polynomials in C*[z].

Prove that any linear subspace of C*[x] consisting of stable polynomials is at most one-dimensional.
Prove that any linear subspace of R* [x] consisting of real stable polynomials is at most two-dimensional.
(Hint: Do the real stable one first.)

Prove the other direction of the Borcea-Bréandén characterization:

(a) If T is a linear operator on C*[z] which preserves stability and such that the image of T is of
dimension greater than 1, then the symbol of T' (that is, ®(T") in our notation here) is a stable
polynomial.

(b) If T is a linear operator on R*[x] which preserves real stability and such that the image of T is
of dimension greater than 2, then the symbol of T (that is, ®(7") in our notation here) is a real
stable polynomial.

Everything we have done here has been in terms of spaces of polynomials which have bounded degree.
There is also a Borcea-Brandén characterization in terms of linear operators on the whole space of
polynomials in a certain number of variables (that is, on Clz] or R[x]). What sort of symbol ®[T]
would be needed for this kind of characterization? For those who haven’t already seen it: any guesses
on what this symbol is?

Use any of the above versions of the Borcea-Brandén characterization to give a similar result for
C™-stability where C' is the open complex unit disc.



